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When Must Double Exchange Be Used? 

G. BLONDIN, S. BORSHCH* and J.-J. GIRERD 
Laboraioire de Chimie Inorganique, 

URA CNRS 420, 
Insiiiui de Chimie Moliculaire d’Orsay, 

Universiii Paris-Sud, 
91405 Orsay, France 

Recently it has been suggested that thermal electronic properties of magnetic mixed 
valence systems have to be studied by using an effective Hamiltonian different 
from the Heisenberg one, so successful for localized electron systems. The object 
of this paper is to specify conditions of validity of both Hamiltonians. In the first 
part, the theory of electron exchange in systems with electrons localized by 
electron-electron repulsion is quickly reviewed. The second part summarizes the 
results demonstrated for mixed valence systems of class 111: for these systems, H,, 
= He + H, + He,, where H, is the transfer Hamiltonian, He is the exchange 
(Heisenberg) one and H,, IS what we call the exchange-transfer one. In the last 
part we explain that as vibrations can relocalize the moving electrons (class I1 mixed 
valence systems), H,,, can take again the form of the Heisenberg one at the minima 
of the potential surfaces but with a vibronic ferromagnetic contribution to the 
exchange parameter. At the saddle points, H,, = He + H,. This last observation 
allows us to rationalize the values of the activation energy for thermal electron 
transfer in these systems. 

Key Words: mixed valence sysiems, Heisenberg Hamiltonian, eleciron exchange, 
electron rransfer, vibrOnic coupling 

Recently “double exchange” has been proposed to play a role in 
the electronic properties of some polynuclear complexes such as 
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iron-sulfur clusters’-’ and a Fe(II)Fe(III) tris-p-hydroxo ~ o m p l e x * ~ ~  
with a strongly stabilized S = 912 ground state. Here we would 
like to summarize differences between double exchange and elec- 
tron exchange theories and explore when the double exchange 
concept has to be used and when it is not adequate. 

The paper contains three “movements.” In the first movement 
we summarize the theory of electron exchange, stressing that it is 
pertinent to systems in which electrons are localized by electron- 
electron repulsion. In the second movement, we explain that for 
delocalized systems a different theory has to be used. In the third 
movement, we show that localization by vibrations can lead back 
to electron exchange. 

FIRST MOVEMENT: ELECTRON EXCHANGE 

One Magnetic Orbital Per Site 

The archetype of an electron exchange system is a Cu(II)Cu(II) 
dinuclear complex. In the states of lower energy, the electron 
distribution of such a complex corresponds faithfully to this oxi- 
dation state assignment. Focusing on the magnetic orbitals of this 
Cu(II)Cu(II) pair, we can give the following simple picture of its 
electron distribution: 

Each magnetic orbital (which can be denoted by a and b )  is 
populated by one single electron. This is so because the electron 
distribution corresponding to Cu(III)Cu(I) gives states of high en- 
ergy. Such a state can be depicted by 

and the origin of its high energy lies mainly in the repulsion of the 
two electrons when they are on the same site. Electrons repel each 
other and stay separate on different sites. This repulsion has been 
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proposed by Mott, Hubbardlo and Anderson" to be very important 
in determining the electronic properties of such systems. It is de- 
noted by Uo. 

The states of lower energy correspond to different mutual ori- 
entations of the spins; the different possible situations are repre- 
sented in this simple model by two-electron wave functions I ab), 
lab), lab), lab), which give rise to a spin singlet and a spin triplet 
state, the energy spectrum of which can be obtained through the 
use of the Heisenberg effective Hamiltonian: 

It is well understood" that Jo = -4p2/Uo + 2j. p is the simple 
Hiickel resonance integral and reflects the delocalization energy 
from one site.to the neighbouring one. j is the exchange integral 
between orbitals a and b; it is positive and leads to ferromagnetic 
coupling if it dominates the first term. 

As electrons stay on their center, the only change between wave 
functions is related, as pointed out above, to the values of the spin 
projections. So, very often, calculations are made with functions 
written as lmsA, msB) but one has to remember that those wave 
functions are not pure spin functions but are indeed two electron 
complete wave functions with antisymmetry property in the per- 
mutation of two electrons. 

Several Magnetic Orbitals Per Site 

This theory can be extended to systems with more unpaired elec- 
trons per center as long as each electron stays on its center. In this 
case the Hamiltonian is the same as above with S, = nA/2 and 
S, = nB/2, nA and nB being the number of unpaired electrons on 
site A and B, respectively. The exchange energy can be decom- 
posed into contributions J,, between magnetic orbitals a, and bj 
following the relation 

1 
Jo = - C J i j -  

n ~ n ~  i.i 
(2) 
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Each component J,, can be written as 

where p,, is the interaction between magnetic orbitals a, and b,, 
A,-, is the cost in energy to transfer an electron from a, to 6, and 
A,+, the same for a transfer from b, to a,; j,, is the exchange integral 
between magnetic orbitals a, and b,. 

Additional ferromagnetic terms have been proposed12 and have 
been recently used in rationalizing magnetic properties of M-0-  
M  system^.'^ 

The wave functions on which He,, acts are linear combinations 
of functions on the form lala,. . . an*, b,b, . . . 6,J corresponding 
to the highest local spin S, and S,. Those functions can be written 
I msA, msB) but again it  has not to be forgotten that they are indeed 
complete multielectron wave functions. As Hcff commutes with S2, 
the eigenfunctions of Heff are labelled by S and are written as 

This theory holds very well for single valent homopolynuclear 
systems like Fe(III)Fe(III) systems, for i n ~ t a n c e . ' ~  

Heteropolynuclear systems like Fe(III)Mn(IV) or Fe(III)Mn(III) 
can also be described by such a theory because the unpaired elec- 
trons in  these complexes stay on their respective center. 

I S*S,SM). 

SECOND MOVEMENT: ELECTRON DELOCALIZATION 

One Magnetic Orbital Per Site 

We have just seen that the Heisenberg Hamiltonian is closely 
related to the localization of electrons. We want now to consider 
what kind of effective Hamiltonian one has to use in the study of 
magnetic delocalized systems. 

I t  is evident that delocalization can occur in the lowest states 
when an electron can occupy different sites without inducing an 
important change in the energy. A well known case in coordination 
chemistry is represented by mixed valence complexes of class I11 
in the Robin and Day clas~if icat ion.~~ The simplest example is a 
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system made of two ions of the same metal differing in one unit 
in oxidation state like Cu(II)Cu(III), Ru(II)Ru(III) or V(V)V(IV). 
A simple picture is the following: 

We understand that in this case electron-electron repulsion has 
disappeared as a cause of localization: the electron seems free to 
go on any site. It is well known that in complexes this cannot be 
true due to coupling of the displacement of the electron with the 
position of the nuclei of the ligands. We will come back to this 
point later. 

In fact the above mentioned cases are not interesting for mag- 
netic properties since one of the two ions is diamagnetic: Ru(II), 
V(V) or Cu(II1). 

Nevertheless mixed valence systems with one orbital per center 
can be worth studying from a magnetic point of view if the nucle- 
arity is higher than two as for instance an equilateral triangle with 
two unpaired electrons: 

Electrons still avoid each other but they can move because now 
there is one empty site. The wave functions corresponding to sit- 
uations of lower energy will be lab), lac), Ibc), lab), lac), I&), 
lab), lac), \be) ,  Jab), I&),  Ibc), with different spin orientations. 
What must be the effective Hamiltonian in this case? The answer 
has been given in several  report^.'^-^' We use here our result which 
has a simple formulation18: 

He, = He + H, + He, (4) 
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with 

rnnj 

jnnk 

Heff works only on wave functions with no double occupation. 
It is valid for any nuclearity ni in the occupation operator of 
site i. 

H ,  is a transfer Hamiltonian which takes an electron from i to 
the neighbouring site j without changing the spin. One has tijl iu;, 
&a, . . . ) = ljui, & u k  . . . ) if the site j is empty and zero if j is 
occupied. 

H e  is the usual exchange interaction for two neighbouring elec- 
trons. 

He,,  the exchange-transfer Hamiltonian, is an interesting term 
which is operational only when two neighbouring electrons have 
opposite spins: then one of those two electrons (site i) can go to 
site j to give a doubly occupied site and shift to the empty site k 
as illustrated below: 

This term appears in the construction of H e ,  at the same order 
of perturbation as He and we see no reason to ignore it other than 
simplicity of calculation (which is a good reason!). 
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We found18 

4P2 
UO' 

J = - -  n 

In this case the energies are -2P(3A), -(p + J") + Jn('E), 

Solutions of H ,  have been given by TakahashiZ0 and solutions 
of H,  + He by Belinskii.l9 

Exchange transfer in this case is just additive to p. This is a 
peculiarity for the triangular lattice. In a square lattice, exchange 
transfer occurs between sites which are not related through p. 

Important first order effects are found and the magnetic prop- 
erties will be quite different from the ones computed for electron 
exchange situations. For P positive a ground spin triplet will be 
found and a spin singlet for P < 0. So for P positive, despite the 
sign of the exchange interaction a ground spin triplet will be found. 
This is the expected result using molecular orbitals with p > 0: 

p('E), 2(p + Jet )  + &('A). 

The very striking result is that even at first order there is a strong 
dependence of energy gained by delocalization on the spin state. 
This problem has been studied for different types of finite clusters 
by TakahashLZn 

A W(V),W(IV), which represents an example of a dl-dl-dO-dO 
square has been studied.32 Fascinating V(V)V(IV) clusters with a 
variable number of unpaired electrons have been prepared by Miiller 
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et Study of such magnetic mixed valence systems with one 
orbital per center would be very valuable to test the theory. 

Wave functions can be written with focusing on the spin problem 
as JmsA, msB), ImsA, m,,), IntSB, m,), but it is imperative to re- 
member the antisymmetric nature of those functions and we prefer 
to write Im,,, mSJAB, ImsA, msc)Ac, Im,,, mSc)BC. Any transpo- 
sition in the superscripts will lead to a change of sign in the wave 
function. 

In Fig. 1 we give an illustration of the difference in He,, between 
a square lattice made of single valent metal ions with one unpaired 
electron on each site and the same lattice in a mixed valent state 
obtained by oxidation of some sites. In the first case (Fig. l(a)), 
the only interaction is the electron exchange and in the second 
case (Fig. l(b)), there are three types of energies: transfer, ex- 
change and exchange-transfer. 

The Hamiltonian H = H ,  + He in which He, is neglected is 
actively studied under the name of t-J model, by specialists of high 
T, copper oxide superconductors.*' Spalek has developed a model 
for those systems taking into account the three components of 
H e r r . ' 6  

Several Magnetic Orbitals Per Site. Double Exchange 

Electron delocalization can also occur between two metal ions 
which both have non-zero spin, like Fe(II1) (S, = 5/2) - Fe(I1) 
(S, = 2) or Mn(II1) (S, = 2) - Mn(IV) (S, = 3/2). 

A simple picture is the following 

Electrons are parallel on the first site because we suppose that 
ion A is in a high spin ground state. 

The basic idea is that the extra electron is delocalizing from one 
site to the other but that it is coupled (ferromagnetically) to the 
unpaired internal electron. This internal electron defines the core 
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+ 
+ 
+ 
+ 
3- 

+ + + - -  -5 

+ + -  + - 

+ - -  + +  
FIGURE 1 Comparison of components of H,,, for a square lattice in the cases of 
one unpaired electron per site (a) and of less than one electron per site (b). For 
(a) Hen contains only exchange terms; for (b) H,,, consists of three terms: transfer, 
exchange and exchange-transfer. 

spin (So). Depending on the orientation of the core spins, the walk 
of the extra electron will be more or less easy. 

The theory of this problem has been made by Zener, Anderson 
and Hasegawa in the 1950's and the term double exchange has 
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been coined for it.22.23 In chemistry, this effect was studied almost 
simultaneously by different  group^.^^-^^ 

The  effective Hamiltonian for such a si tuation has been 
proposedl .2.29.30. 

with 

where p is the interaction between the two orbitals which contain 
the moving electron, tAB is the transfer operator from A to B,31 
PO is the projection operator in the subspace of wave functions 
obeying local Hund’s rule, 0, is an occupation operator which 
keeps track of the position of the extra electron. 

One of us has developed2h a different effective Hamiltonian, 
called the generalized Anderson-Hasegawa Hamiltonian, which 
works not only in the subspace of highest spin (SO + 1/2) states 
but also in the (So - 1/2) subspace. Hamiltonian (10) is simplier 
but is limited to the hypothesis that Hund states are much more 
stable than non-Hund ones. 

This effective Hamiltonian acts on wave functions which obey 
the local Hund’s rule like lalb,a2) which is a spin triplet on A; on 
this wave function one will have 

As an example of a situation in which the spin of A is not parallel 
to the spin of B, we can take lalbla2): 

The result corresponds to a spin triplet on  center B.  The situation 
can be represented as 
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We understand that when the spins of A and B are antiparallel, 
the displacement of the extra electron from A to B creates on B 
a state which corresponds to a mixture of local triplet and singlet. 
We keep only the triplet contribution. 

One can make the convention that the orbitals involved in the 
electron transfer are written at the end of the ket (as above); this 
simplifies the phase evaluation. We can again use a spin notation 
like ImsA, m,,>’ where the superscript stands for the site of the 
extra electron. A general formula for the action of PotA,Po on a 
wave function with a given pair spin has been given by Anderson 
and Hasegawazz: 

So is the core spin. The solutions of (10) for a dinuclear unit are 

1 S + 112 
E = - -JOS(S + 1) p--- 

2 2s, + 1’ 

This (S + 1/2) dependence of delocalization energy defines 
“double exchange.” In Fig. 2 we show the energy levels predicted 
in the function of p for lo corresponding to antiferromagnetic cou- 
pling for a 5/2, 2 pair. The spectacular feature that the theory 
predicts is that despite antiferromagnetic coupling, a strong enough 
delocalization is able to force the spins to parallel alignment. This 
seems to be the case in a recently synthesized Fe(III)Fe(II) tris- 
p-hydroxo c ~ m p l e x . ~ . ~  

We have proposed that in the [Fe,S,]O cluster of Ferredoxin I1 
of D. Gigas, the delocalization in one Fe(III)Fe(II) pair explains 
the stabilization of the (Vd2)(1S, ,  = 9/2, S ,  = 5/2, S = 2)’ 5 
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12 
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3 

- - 0  
c) s 

- 3  

- 6  

- 9  

-12 

-1 5 

J , c  0 

FIGURE 2 Eigenvalues of the transfer + exchange model in units of J, ,  as a function 
of 1B/J,I for a (5/2;2) dinuclear complex with detocalized valences. B = p/5. 
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IS,, = 912, S3 = 5/2, S = 2),) ground state.',, The theory has 
been extended to Fe,S, systems by N ~ o d l e m a n . ~ - ~  

Delocalization can involve more than two centers. For any nu- 
clearity and one particle moving, we have34 

Heff = He + H, + He, (13) 

with 

Here, si refers to the spin of the itinerant electron. 
For triangles with uniform P and Jo, the first two terms lead to 

identical results to those obtained in the extensive paper of Belin- 
skii. l9 

The last term includes the exchange-transfer part. In a d2-d1-d1 
triangle, exchange-transfer can be illustrated in the following man- 
ner: 
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The extra particle moves from A to C via an excited singlet state 
on B. This occurs only if the spins of u2 and b,  are opposite. The 
analogy with He, of the preceding section is clear; the only differ- 
ence lies in the nature of the excited state involved. 

In a &-d'-d'triangle with uniform interactions we obtain: 2p - 

- J,(3A), - p  + J e / 2  - J,(3A); the energies for the 3 E  are 
obtained by diagonalization of 

3J,45A ), - p - 3J,(5E),  - p + 3Je'/2('A ), p/2 - 3Je'/4('E),  -1" 

I 1 3 2 p  - ,,') - p  1 - -J" 1 - Jo  
2 4 

As said before, the J" = 0 solutions have already been given 
in Ref. 19. Consequences of exchange-transfer are not yet well 
studied and will be neglected in the next part. Further study of 
the role of exchange-transfer is underway. 

THIRD MOVEMENT: LOCALIZATION BY VIBRATIONS 

As said before. the delocalized situation just studied is rarely 
achieved, and this is due to the coupling of electronic and nuclear 
movements. This is well understood and is described by the concept 
of vibronic coupling.42 

One Magnetic Orbital Per Center 

Let us consider again a Cu(II)Cu(III) system. In the preceding 
part we consider that electron delocalization is easy, i.e., it is 
equivalent that the extra electron is on site A or site B. In reality 
this is rarely true even for chemically symmetric systems. When 
the electron is on one site the coordination sphere of this site is 
generally more dilated than that one for the other site. So we see 
that an electron jump will not be possible unless the system receives 
energy corresponding to this dissymetry. This can be done ther- 
mally (activated electron transfer) or with electromagnetic wave 
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(intervalence absorption). For instance, in a Cu(I1) Cu(II1) case 
with those ions in a square planar environment, the extra electron 
is in a magnetic orbital corresponding to the antibonding combi- 
nation of a dxz-yz metal orbital and a u ligand orbital; then it is 
clear that the coupling with vibrations is strong. 

The important parameter to describe quantitatively this effect 
reflects the change in bond length when the oxidation state changes 
and is denoted A. 

Figure 3 shows the well known d e p e n d e n ~ e ~ ~  of the energy of 
a mixed valence complex with one unpaired electron as a function 
of a vibration coordinate q- = (qA - q B ) / d 2 ,  which is the an- 
tisymmetric combination of local coordinates. 

If f3 is zero, the system will distort with a contracted site (the 
oxidized one) and an expanded one (the reduced one). Hush has 
shown36 that the activation energy for the thermal electron transfer 
process (the height of the crossing point) is 

A* 
’ 4k 

E = -  

where k is the harmonic constant. 

h 

? 

v 

3 
4 
w 

- -  - - -  

0 1 2 
7.- 

4 L, .-:.-- I I # -.TI- I 1 
-2 -1 

FIGURE 3 Potential energy curves (cm-I) as a function of the antisymmetric 
reduced normal coordinate Y- = q - / ( h / k )  for a two-site, one electron problem. 
The vibronic coupling parameter hZ/k  = 5000 cm-’. Key: (a) orbital interaction 
p = 0 cm-’; (b) p = 1000 cm-’; (c) p = 5000 cm-’. 
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It is well known that when the interaction p between magnetic 
orbitals becomes non-zero, the activation barrier decreases (Fig. 
3) following the relation 

h2 6’ 
4k X2/k Ee = - + - - IpI. 

This is valid as long as I p I < X2/2k (class I1 of Robin and Day 
clas~if icat ion~~).  

When Ip (  > h2/2k (class 111 of Robin and Day classification), 
the activation barrier disappears (Fig. 3) and the system is delo- 
calized: then theories of the preceding paragraphs hold. So in order 
to observe delocalization, p must be strong enough. 

If 161 < X2/2k, one has 

A2 

OP k 
E = -  

and for IpI > X2/2k, 

The theory of these effects has been made for triangular species 
in the case of one electron jurnping3’v3*: Eqs. (14) and (16) are 
valid for p = 0 as can be seen in Fig. 4 which represents a cross 
section along qe (see below) of the potential surfaces. The acti- 
vation energy is given by the difference in energy between the 
saddle point and the minimum. Figure 5 represents the lower po- 
tential surface for p non-zero as a 3D function of the E coordinates 
qF. and 4 8 .  

The three minima are easily identified: each one describes the 
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N 2? 
d . w 

1.5 

1 

0.5 

0 

-0.5 
-1.5 -1 -0.5 0 0.5 1 

qe I (h/k) 

FIGURE 4 Section along qe of the potential energy surface for a three-site, one 
electron problem for p = 0. The activation barrier is given by the difference in 
energy between the saddle point and the minimum. 

energy 

4 

FIGURE 5 3D representation of the energy surface in the (qe,  9.) coordinates for 
p non-zero. Three minima are observed which correspond to localization of the 
extra electron on site A, B or C .  

electron localized on one site. One goes from one minimum to the 
other through a saddle point. 

Similar calculations are underway for two electrons moving on 
a triangle. Preliminary results show that vibrations affect much 
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more drastically the electron transfer than exchange or exchange- 
transfer.39 This suggests that the effective Hamiltonian Ifeff = If, 
+ He, could be the valid one for some range of the parameters p, 
U,, h2/k. It is easy to check that such a Hamiltonian leads, for 
instance for a square with two electrons, to a correlated movement 
of an antiferromagnetically coupled pair. 

Several Magnetic Orbitals Per Center 

For a dinuclear delocalized magnetic mixed valence system, we 
saw that the adapted effective Hamiltonian is given by Eq. (10). 
It is easy to modify this Hamiltonian to take into account trapping 
effects by vibrations (or by any static assymetry). Let us introduce 
E, and EB, the energy of the pair when the extra electron is on 
A or B. We then have3' 

Using the usual theory for coupling with vibrations in mixed 
valence dinuclear systems we end up with a family of curves (Fig. 
6): two curves per spin ~ t a t e . ~ ~ , ~ ,  

An important apparent effect is that the activation barrier is now 
spin dependent since the interaction is spin modulated following 

We can ask for each spin state if i t  belongs to class I1 or class 
Ill. For the highest pair spin (S = 2 S ,  + 1/2) the delocalization 
energy is just and for the lowest (S = 1/2), we have p/(2S0 f 

Let us suppose that the vibronic coupling is strong and that the 
pair with electron on A is at the energy minimum; we have E B  - 
E, = h2/k whatever S is, if each spin state belongs to class 11. It 

1). 
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-0.5 

-1 -0.5 0 0.5 1 
X 

FIGURE 6 Energy curves for a Fe(lI)Fe(III) unit as a function of the antisymmetric 
reduced normal coordinate x .  = q _ / ( A / k )  with X2/k = 7420 cm-'; B = PI5 has 
been set to 600 cm-'; Jo = -- 107 cm-' such that Jeff = - 10 cm-I. 

is easy to show then that25,30 the energy minima are given by Eq. 
(1) with 

2P2 
(2S0 + 1)2 X2/k' Jeff = Jo  + 

Localization restitutes the Heisenberg Hamiltonian with a mod- 
ified exchange parameter. The contribution of vibrations to this 
parameter is ferromagnetic. 

It is clear that the activation energy is now spin dependent; it 
is given by Eq. (15) using Eq. (19) for the transfer energy. The 
activation energy is the lowest for the highest spin. 

We have p r o p o ~ e d ~ ~ . ~ ~  that in fact vibrations have to be taken 
into account in dinuclear systems like the [Fe,S2]+ of iron-sulfur 
proteins or models and in the Fe(I1) Fe(II1) tris-p-hydroxo com- 
plex synthesized by K. Wieghardt.8.9 

We must mention that the preceding treatment of vibronic cou- 
pling is a semi-classical one and that a more exact one is to take 
properly into account the quantum aspect of vibrations. The com- 
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parison of both approaches nevertheless justifies the treatment 
given here, for strong enough vibronic and exchange c o ~ p l i n g s . ~ ~  

As for trinuclear systems, one of us has shown' that vibrations 
for a Fe(III), Fe(I1) triangle with uniform Jo and p can induce a 
ground state with delocalization in one pair only. This is of interest 
for the understanding of the iron-sulfur cluster of Ferredoxin I1 of 
D. Gigas in which Mossbauer has identified one delocalized pair. 
In Refs. 1 and 2, this was taken as an experimental fact. 

Let us consider here the effects of vibrations in the d2-d1-d1 
triangle with uniform .lo and p. As said before we will not take 
into account exchange-transfer. The only parameters of our model 
are p, Jo and h2/k.  

Let us suppose p = 0 and J o  and A2/k non-zero. We have three 
spin singlet states, three quintet and six triplet ones. Their potential 
surfaces in the same coordinates as for the preceding example dl- 
d o d o  have each a section like the one in Fig. 4. They are just 
shifted by amounts proportional to Jo.  

Complete solutions can be obtained numerically. 
In the limit of strong vibronic coupling can we show that the 

energy minima follow the Heiseqberg law? 
We were not able to show this exactly as in the dinuclear case, 

but it can easily be checked by perturbation theory. Using matrices 

Energy I hv 

2.25 2.5 2.75 I 3.25 3.5 3.75 a. h m 
FIGURE 7 Energy (in units hu) of the minimum for the S = 2 state as function 
of the vibronic coupling parameter for p = - hu. Second order perturbation theory 
values (curve 1) compared to exact values (curve 2). Note that u = ( 2 7 r - ' d k .  
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of Heft in the basis ISi, (Sj, Sk) Sjk, S>i (which are identical with 
those published in Ref. 19) we can calculate those energy minima: 

2P2 E ( S  = 2 ,  s,, = 1 )  = -3J0 - - 
X2/k’ 

P2 E ( S  = 1, s,, = 1) = -1, - - 
h2/k’ 

3P2 E ( S  = 1, s2, = 0) = -Jo - - 
2 x w  

P2 E ( S  = 0 ,  S,, = 1) = - - 
2h2/k 

It is easy to check that these levels are those obtained for an 
isosceles triangular Heisenberg Hamiltonian with J I 2  = J , ,  = J, 
+ P2/2(hZ/k)  and 123 = J,).  This is valid whatever the sign of P is, 
as long as the perturbation treatment can be used. We can conclude 
that: 

Localization restitutes the Heisenberg Hamiltonian with a mod- 
ified exchange parameter which has the same expression as in the 
dinuclear case. 

In Fig. 7 ,  we compare the energy for the lowest S = 2 state 
predicted by this modified Heisenberg law with the exact results. 
We see that the agreement is very good. For lower spin states, the 
agreement is still better. 

What can we say about the activation energies in each spin state? 
The activation energy is given by the difference in energy be- 

tween the minimum and the saddle point. The later is affected by 
P at first order and this gives a first order contribution to the 
activation barrier. The dependence on spin state is very easy to 
get from the preceding matrices and is interesting to interpret. One 
has 
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Energy I hv 

FIGURE 8 Activation energies (in units h u )  for S = 0 (curve I ) ,  S = 1 (curve 2), 
S = I (curve 3), S = 2 (curve 4) for p > 0. 

h2 IPI E,(S = 1, s 2 3  = 1/2) = - - -, 4k 2 

x2 IPI  E,(S = 0, s,, = 1/2) = - - -. 4k 2 

The pair spin SZ3 is a good quantum number and has a half- 
integer value since the extra electron is delocalized between sites 
2 and 3 (see below). As expected, the decrease in the activation 
barrier due to P is more important for high spin states. It takes 
the values for double exchange in a d2-d1 pair. This can be quite 
clearly understood if one realizes that the nuclear coordinate for 
the saddle point is one with two identical dilated coordination 
spheres contrary to that of the minimum where there exist two 
contracted spheres and a dilated one: 
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In Fig. 8 we compare the activation energies for the different 
spin states for p > 0. We see that they are lower for higher spin 
states. At low values of p, they follow the preceding equations. 

At higher values of 9, they depend also on the sign of p as 
already found for triangles with one unpaired electron. 

CONCLUSION 

In Table I ,  we summarized the results reviewed in this paper. 
We recalled first that systems with electrons localized by inter- 

action with other electrons present the phenomenon of electron 

TABLE I 

Different effective Hamiltonians reviewed in this paper 

H,,, N = 2" H d ,  N 2 

systems localized by electron- H. H .  
electron repulsion 

delocalized mixed valence systems H .  +- H ,  H ,  + H ,  +- He,  
(class Ill)h (see note c) 

mixed valence systems with strong H ,  He + (He,?)' 
vibronic coupling (class ll)d 

N is the number of sites. 
The expressions of H e ,  H, ,  H,, depend on the number of orbitals per site (see 

For one orbital per site and when He, is neglected, H,,, corresponds to the t -J  

The indicated H,,  describes the energy minima. In the saddle points, Hew = 

The role of H,, in the presence of vibrations is under study. 

text). 

model (see text). 

H,  + H ,  (see text). 
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exchange: the only degree of freedom is spin orientations and the 
associated energetics is expressed by the Heisenberg Hamiltonian. 
For those systems the double exchange Hamiltonian is of no use. 
We did not speak here of spin-orbit effects, like zero-field splitting, 
which are very important in the treatment of anisotropy. 

Then we explained that delocalized mixed valence systems with 
several unpaired electrons have one more degree of freedom: elec- 
tron position. The Heisenberg Hamiltonian is no longer valid. 

In the case of one orbital per center, the effective Hamiltonian 
contains three terms: Here = H ,  + H,, + H I .  The transfer part is 
spin dependent. The approximation He,, = H ,  + H ,  is studied by 
physicists interested in high T, superconductivity under the name 
of the 1-1 model. 

When several orbitals per center are involved, we are dealing 
with delocalization of an electron on a core spin lattice, this elec- 
tron being coupled ferromagnetically to each core spin. Again the 
transfer part is spin dependent following Eq. (19). This equation 
gives the ( S  + 1/2) dependence typical of double exchange. For 
nuclearity higher than two, He,  contains three terms as in the one 
orbital per center case. 

In the last part we explained that localization by vibronic cou- 
pling can restitute Heisenberg-like behaviour as intuitively ex- 
pected. Vibronic coupling is well known in mixed valence chem- 
istry: it has been suggested as the origin of valence trapping in 
[Fe,S,] + clusters in proteins and models40; it is likely very strong 
in high T, copper oxide superconductors due to the orbital topol- 
ogy. 

In the case of one orbital per center, we do not yet have definite 
results. Preliminary calculations show that the transfer is much 
more affected by vibrations than by exchange and exchange- 
transfer. One can imagine situations where Heff is reduced to He,, 
= H ,  + He,.  This Hamiltonian seems very interesting to study. 

When several orbitals per center are involved, we showed, in 
the limit of strong coupling and ignoring He,, that the energy min- 
ima correspond to the Heisenberg law with a new exchange pa- 
rameter. The expression of this parameter is transferable from 
dinuclear systems to trinuclear ones. This is for the spin degree of 
freedom. As far as electron delocalization is concerned we found 
that its activation energy is spin dependent: it is easier for highest 
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spin states and needs the double exchange concept to be under- 
stood. 

To the two degrees of freedom mentioned above, there corre- 
spond two kinds of experiments: magnetic susceptibility, neutron 
inelastic scattering can give information on the energy spectrum 
and in the case of strong vibronic coupling can be explained without 
the double exchange concept; movement of the extra electron can 
be detected by different techniques like Mossbauer, EPR, NMR, 
absorption spectroscopy and they need the double exchange con- 
cept to be interpreted. So it seems to us that future studies of 
magnetic mixed valence systems must be accomplished keeping in 
mind this intrication of phenomena. 
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